Dilatonic black hole dyon solutions with arbitrary dilatonic coupling constant λ = 0 and canonical sign ε = +1 for scalar field kynetic term are considered. These solutions are defined up to solutions of two master equations for moduli funtions. For λ 2 = 1/2 the solutions are extended to ε = ±1, where ε = −1 corresponds to ghost (phantom) scalar field. Some physical parameters of the solutions: gravitational mass, scalar charge, Hawking temperature, black hole area entropy and parametrized post-Newtonian (PPN) parameters β and γ are obtained. It is shown that PPN parameters do not depend on scalar field coupling λ and ε. Two group of bounds on gravitational mass and scalar charge (for fixed and arbitrary extremality parameter µ > 0) are found by using a certain conjecture on parameters of solutions when 1 + 2λ 2 ε > 0. These bounds are verified numerically for certain examples. By product we are led to well-known lower bound on mass which was obtained earlier by Gibbons, Kastor, London, Townsend and Traschen with the aid of special assumption.
Introduction
At present there exists an interest to spherically-symmetric solutions, e.g. black hole and black brane ones, related to Lie algebras and Toda chains, see [1] - [20] and references therein. These solutions appear in gravitational models with scalar fields and antisymmetric forms. Meanwhile special subclasses of low-dimensional (e.g. 4-dimensional) solutions were not considered in detail.
Here we consider a subclass of 4-dimensional dilatonic black hole solutions with electric and magnetic charges. We extend dilatonic black hole dyon solution from [16] to more general case, when dilatonic scalar field may be a ghost (or phantom) one. The ghost field appears in the action with a kinetic term of the "wrong sign". This implies the violation of the null energy condition p + ρ ≥ 0. At the quantum level, such fields could form a "ghost condensate", which would be responsible for modified gravity laws in the infra-red limit [21] . Present observational data do not exclude this possiblity, and moreover under certain conditions the phantom scenario has a preference [22] .
The main goal of our paper is the search of relations on physical parameters of dyonic black holes, e.g. bounds on gravitational mass M and scalar charge Q ϕ . This problem is solved here up to a conjecture, which states one to one (smooth) correspondence between the pair (Q 2 ), where Q 1 is electric charge and Q 2 is magnetic charge, and the pair (P 1 , P 2 ), where P 1 > 0 and P 2 > 0 are parameters of the solutions. This conjecture is believed to be valid for all λ = 0 in the case of ordinary scalar field and for 0 < λ 2 < 1/2 for the case of phantom scalar field. Here we verify the bounds by using numerical calculations.
Black hole dyon solutions 2.1 Dyonic solutions
We consider a model governed by the action
, G is gravitational constant, λ = 0 is a coupling constant and |g| = | det(g µν )|. Here we put λ 2 = 1/2 for ε = −1.
Let us consider a family of dyonic black hole solutions to the field equations corresponding to the action (2.1). These solutions are defined on the manifold
and have the following form
3)
Here Q 1 and Q 2 are charges -electric and magnetic, respectively, µ > 0 is extremality parameter, dΩ
and
Functions H s > 0 obey the equations
with the following boundary conditions imposed
for R → 2µ, and 9) for R → +∞, s = 1, 2.
In (2.7) we denote
For the case ε = 1 these solutions were presented earlier in [16] . They may be obtained by using general formulae for non-extremal (intersecting) black brane solutions from [12, 13, 14, 15] . First boundary condition (2.8) guarantees the existence of horizon at R = 2µ for the metric (2.2). Second condition (2.9) ensures an asymptotical (for R → +∞) flatness of the metric.
Equations (2.7) may be rewritten in the following form
Here and in what follows we use the following notations:
, respectively. We are seeking solutions to equations (2.11) for z ∈ (0, 1) obeying
where y s0 = ln H s0 are finite (real) numbers, s = 1, 2. Here z = 0 (or, more precisely z = +0) corresponds to infinity (R = +∞), while z = 1 (or, more rigorously, z = 1 − 0 ) corresponds to the horizon (R = 2µ). Equations (2.11) with the finitness conditions on the horizon (2.13) imposed imply the following integral of motion:
2 exp(−2y 2 − ay 1 ) = 0. Equations (2.11) and (2.13) appear for special solutions to Toda-type equations [13, 14, 15 ]
for functions z s (u) = −y s − µbu, s = 1, 2, depending on harmonic radial variable u: exp(−2µu) = 1 − z, with the following asymptotical behaviour for u → +∞ (on the horizon) imposed: 
leads us to relation (2.14).
Some integrable cases
At present it seems impossible to find explicit solutions to the equations (2.7), (2.8), (2.9) analytically. One may try to seek the solutions in the form
where
are constants, k = 1, 2, . . . and s = 1, 2. Meanwhile, there exist at least two integrable configurations related to Lie algebras A 1 + A 1 and A 2 .
(A
This value of dilatonic coupling corresponds to string induced model. We get h = 1, a = 0 and hence (2.10) is the Cartan matrix for the Lie algebra (2)). In this case
For positive roots of (3.4)
we are led to a well-defined for R > 2µ solution with asymptotically flat metric and horizon at R = 2µ. We note that (A 1 + A 1 )-dyon solution was considered earlier in [6, 8] , see also [17] for a certain extension.
A 2 -case
Let
This value of dilatonic coupling constant appears after reduction to four dimensions of 5-dimensional Kaluza-Klein model. We get h = 1/2, a = −1 and (2.10) is the Cartan matrix for the Lie algebra A 2 = sl(3). In this case we obtain [13] 
. The Kaluza-Klein uplift to D = 5 gives us the well-known Gibbons-Wilthire solution [4] , which is in an agreement with the general spherically-symmetric dyon solution (related to A 2 Toda chain) from [3] .
Special solution with equal charges
There exists also a special solution
with equal charges Q s = Q, s = 1, 2, satisfying
We remind that b = h −1 . For positive root of (3.11)
we get for R > 2µ a well-defined solution with asymptotically flat metric and horizon at R = 2µ. This solution is a special case of more general "block orthogonal" black brane solutions [23, 24] . Here the power in (3.10) appears due to relation 
The limiting A 1 -case
In what follows we will use two limiting solutions: electric one with Q 1 = Q = 0 and Q 2 = 0, 14) and magnetic one with Q 1 = 0 and Q 2 = Q = 0,
In both cases P = −µ + µ 2 + bQ 2 . These solutions correspond to the Lie algebra A 1 . In various notations the solution (3.14) appeared earlier in [1] and [5, 6] , and was extended to multidimensional case in [5, 6, 9, 10] . 1 A special case with λ 2 = 1/2 was considered earlier in [2, 7] .
Physical parameters
Here we consider certain physical parameters corresponding to the solutions under consideration
Gravitational mass and scalar charge
For (ADM) gravitational mass we get from (2.2)
where parameters P s = P (1) s appear in the relation (3.1) and G is the gravitational constant.
The scalar charge just follows from (2.3)
For the symmetric case Q 2 1 = Q 2 2 = Q 2 = P (P + 2µ) with P > 0 we get P 1 = P 2 = bP and hence
In this case the gravitational mass and the scalar charge do not depend upon λ and ε. The mass M monotonically increases from µ (for Q 2 = +0) to +∞ (for Q 2 = +∞). For fixed charges Q s and extremality parameter µ the mass M and scalar charge Q ϕ are not independent but obey a certain constraint. Indeed, for fixed parameters P s = P (1) s in decomposition (3.1) we get
for z → +0, which after substitution into (2.14) gives us (for z = 0) the following identity
By using relations (4.1) and (4.2) this identity may be rewritten in the following form
It is remarkable that this formula does not contain λ.
In derivation of (4.6) the following identities were used
The Hawking temperature and entropy
The Hawking temperature corresponding to the solution is found to be
where H s0 are defined in (2.8).
Here and in what follows we put c = = κ = 1.
For the symmetric case Q 2 1 = Q 2 2 = Q 2 = P (P + 2µ) with P > 0 we get
We see, that in this case the Hawking temperature T H does not depend upon the choice of λ and ε. It monotonically decreases from 1/(8πµ) (for Q 2 = +0) to 0 (for Q 2 = +∞). (Here µ is fixed.) The Bekenstein-Hawking (area) entropy S = A/(4G), corresponding to the horizon at R = 2µ, where A is the horizon area, reads
It follows from (4.8) and (4.10) that the product
does not depend upon λ, ε and charges Q s . This product does not use explicit form of the moduli functions H s (R).
PPN parameters
Now we introduce a new radial variable ρ by the relation R = ρ(1 + (µ/2ρ)) 2 (ρ > µ/2), which gives us the 3-dimensionally conformally-flat form of the metric (2.2)
The parametrized post-Newtonian (PPN) parameters β and γ are defined by following standard relations
15)
i, j = 1, 2, 3, where, V = GM/ρ is Newton's potential, G is the gravitational constant and M is the gravitational mass (in our case given by (4.1)). The calculations of PPN (or Edington) parameters for the metric (4.12) give us the same result as in [16] :
These parameters do not depend upon λ and ε. They may be calculated just without knowledge of explicit relations for functions H s (R).
It should be noted that (at least formally) these parameters obey the observational restrictions for the solar system [26] , when the ratious Q s /(2GM ) are small enough.
Numerical calculations and bounds on mass and scalar charge
Here we outline some results of numerical calculations which are based on dynamical equations (2.11). We start with putting the boundary conditions on the horizon z = 1: y s (1), s = 1, 2. Then for the first derivatives on the horizon ( dys dz ) |z=1 = y s (1) we obtain from (2.11) y s (1) = bq . For practical calculations we put z = 1 − δ, where δ is small enough, say δ = 10 −5 , for initial values y s (1) about 1. This is necessary for a correct formulation of the Cauchy problem for equations (2.11).
Our strategy is the following one. For fixed λ and ε we start with the exact symmetric solution obeing y 1 (0) = y 2 (0) = 0, i.e. we put
See (3.10) and (3.11). Here p = P/(2µ) > 0. Then we disturb relations (5.2) as follows
where k = 1. We get a numerical solution with y 1 (0) and y 2 (0) not obviously equal to 0. Now, we make a shift in our solutions
The functionsȳ s (z) give us a new solution to Toda-like equations (2.11) with rescaled chargesq The asymptotical parameters P s are extracted from the relations (4.4) (with y s replaced byȳ s ). The accuracy of calculations is controlled by (2.12) and (4.5).
Our numerical calculations give a support to the following conjecture. Conjecture. For any h > 0, ε = ±1, Q 1 = 0, Q 2 = 0 and µ > 0 the moduli functions H s (R), which obey (2.7), (2.8) and (2.9), are uniquely defined and hence the parameters P 1 , P 2 , the gravitational mass M and the scalar charge Q ϕ are uniquely defined too. The parameters P 1 , P 2 are positive and the functions
In the limiting case we have: (i) for Q 2 2 → +0:
. The Conjecture could be readily verified for the case ε = 1, λ 2 = 1/2. Another integrable case ε = 1, λ 2 = 3/2 is more involved and it needs some efforts in verifying this conjecture.
For h > 0 we are led to the following bounds on the gravitational mass M and scalar charge Q ϕ (Q 1 = 0, Q 2 = 0)
, h > 2) and 8) which are valid for all λ = 0. We illustrate the bounds on M and Q ϕ graphically by two figures, which represent a set of physical parameters GM and Q ϕ for Q Proof of the bounds. Let us prove the relations (5.6), (5.7) and (5.8) using the Conjecture. The right inequality (or equality) in (5.6) just follows from the relation (4.6), while the left inequality (or equality) in (5.7) follows from (4.6), and M > 0 which is valid due to relation (4.1), h > 0 and inequalities P 1 > 0, P 2 > 0 (due to Conjecture.). Now let us verify the left inequality in (5.6). We fix the charges by the relation Q 
, where −1 < x < 1. Due to (4.6) and M > 0 we can use the following parametrization
where |ψ| < π/2. Owing to Conjecture and relations (4.1), (4.2) we get that ψ = ψ(x) is a smooth function which obey √ 2(µ + h 2 P ) and R sin ψ 0 = λhP , where P = −µ + bQ 2 + µ 2 . The limit x → +1 − 0 corresponds to pure electric black hole while the limit x → −1 + 0 corresponds to pure magnetic one. To prove the relations (5.6) and (5.8) one should verify the inequality
for all x ∈ (−1, 1). Let us suppose that (5.11) is not valid. Without loss of generality we put ψ(x * ) ≥ ψ 0 for some x * . Then using (5.10) and the smoothness of the function ψ(x) we get that for some
2 ) 2 we obtain the same coinciding sets: (GM, Q ϕ ) 1 = (GM, Q ϕ ) 2 and (P 1 , P 2 ) 1 = (P 1 , P 2 ) 2 , see (4.1) and (4.2). But due to our Conjecture the map (Q 2 ) → (P 1 , P 2 ) is bijective one. This implies (P 1 , P 2 ) 1 = (P 1 , P 2 ) 2 . We get a contradiction which proves our proposition for ε = 1 and arbitrary Q 
instead of (5.9). The bounds (5.6), (5.7) and (5.8) could be verified numerically by using the prescription which was described above. Here we present certain examples of numerical data collected in Table 1 and Table 2 . These data obey the bounds (5.6), (5.7) and (5.8). Of course, these tables may be enlarged by adding (a vast number of) new lines.
The inequalities (5.6), (5.7) and (5.8) imply the following bounds on mass and scalar charge, which are valid for all µ > 0 and h > 0
for ε = +1 (λ = 0, 0 < h < 2), Table 2 : Examples of numerical calculations for ε = −1; λ = 0.5; µ = 1.
, h > 2), and
for both cases. The bound (5.13) is in agreement with the bound (6.16) from ref. [27] , which was proved there by using the assumption (hypothesis) on existence of N = 2 supersymmetric extension of the model. In our paper we have used the Conjecture instead of the hypothesis from [27] . Remark 1. For h < 0 the Conjecture is not valid. This may be verified just by analysing the solutions with small charge Q 1 (or Q 2 ).
Remark 2. It should be noted that here we are dealing with a very special class of solutions with phantom scalar field (ε = −1). Even in the limiting case Q 2 = +0 and Q 1 = 0 there exist several branches of phantom black hole solutions which are not covered by our analysis [28] .
Conclusions
In this paper a family of non-extremal black hole dyon solutions in a 4-dimensional model with a scalar field is presented. The scalar field is either ordinary (ε = +1) or ghost one (ε = −1). The solutions are defined up to two functions H 1 (R) and H 2 (R), which obey two differential equations of second order with boundary conditions imposed. For ε = +1 these equations are integrable for two cases when λ 2 = 1/2 or λ 2 = 3/2. There is also a special solutions with coinciding electric and magnetic charges: Q 1 = Q 2 , which is defined for all (admissible) ε and λ.
Here we have also calculated some physical parameters of the solutions: gravitational mass M , scalar charge Q ϕ , Hawking temperature, black hole area entropy and post-Newtonian parameters β, γ. We have obtained a formula which relates M , Q ϕ , dyon charges Q 1 , Q 2 , and the extremality parameter µ for all values of λ = 0. Remarkably, this formula does not contain λ. We have also shown that the product of the Hawking temperature and the Bekenstein-Hawking entropy does not depend upon ε, λ and the moduli functions of the solutions H s (R) as well.
We have calculated the PPN parameters β and γ without knowledge of explicit formulas for H s (R). The only assumption was used that these functions are analytical in the vicinity of R = ∞. We have found that γ = 1 and β does not depend upon λ and ε.
Here we have obtained bounds on gravitational mass and scalar charge for 1 + 2λ 2 ε > 0 which are based on the Conjecture (from Section 5) on parameters of solutions P 1 = P 1 (Q 2 1 , Q 2 2 ), P 2 = P 2 (Q 2 1 , Q 2 2 ). We have also presented several results of numerical calculations which support our bounds. A rigorous proof of this conjecture may be a subject of a separate publication as well a detailed consideration of the case λ 2 > 1/2, ε = −1. For ε = +1 we have also deduced from our Conjecture the well-known (unsaturated) lower bound on mass, which was obtained earlier by Gibbons, Kastor, London, Townsend and Traschen [27] by using a certain hypothesis on N = 2 supersymmetric extension of the model.
